Abstract. The aim of this paper is to study the w * -fixed point property for nonexpansive mappings in the duals of separable Lindenstrauss spaces by means of suitable geometrical properties of the dual ball. First we show that a property concerning the behaviour of a class of w * -closed subsets of the dual sphere is equivalent to the w * -fixed point property. Then, the main result of our paper shows an equivalence between another, stronger geometrical property of the dual ball and the stable w * -fixed point property. The last geometrical notion was introduced by Fonf and Veselý as a strengthening of the notion of polyhedrality. In the last section we show that also the first geometrical assumption that we have introduced can be related to a polyhedral concept for the predual space. Indeed, we give a hierarchical structure among various polyhedrality notions in the framework of Lindenstrauss spaces. Finally, as a by-product, we obtain an improvement of an old result about the norm-preserving compact extension of compact operators.
Introduction and Preliminaries
Let X be an infinite dimensional real Banach space and let us denote by B X its closed unit ball and by S X its unit sphere. We say that a Banach space X is a Lindenstrauss space if its dual is a space L 1 (µ) for some measure µ. A nonempty bounded closed and convex subset C of X has the fixed point property (shortly, fpp) if each nonexpansive mapping (i.e., the mapping T : C → C such that T (x) − T (y) ≤ x − y for all x, y ∈ C) has a fixed point. A dual space X * is said to have the σ(X * , X)-fixed point property (σ(X * , X)-fpp) if every nonempty, convex, w * -compact subset C of X * has the fpp. The study of the σ(X * , X)-fpp reveals to be of special interest whenever a dual space has different preduals. For instance, this situation occurs when we consider the space ℓ 1 and its preduals c 0 and c where it is well-known (see [11] ) that ℓ 1 has the σ(ℓ 1 , c 0 )-fpp whereas it lacks the σ(ℓ 1 , c)-fpp. The first result of our paper is devoted to a geometrical characterization of the preduals X of ℓ 1 that induce on ℓ 1 itself the σ(ℓ 1 , X)-fpp. This theorem can be seen as an extension of the characterization given in Theorem 8 in [15] and it is based on the studies carried out in [3] . However, the main purpose of the present paper is to investigate the stability of σ(ℓ 1 , X)-fpp. Generally speaking, stability of fixed point property deals with the following question: let us suppose that a Banach space X has the fixed point property and Y is a Banach space isomorphic to X with "small" Banach-Mazur distance, does Y have fixed point property? This problem has been widely studied for fpp and only occasionally for w * -topology (see [5, 20] ). It is worth pointing out that the stability property of w * -fpp previously studied in the literature considers the renormings of X * whereas it maintains the original w * -topology on the renormed space. Since a renorming of a given Banach space X * not necessarily is a dual space, we prefer to introduce a more suitable notion of stability for w * -fpp that takes into account each dual space with the proper w * -topology induced by its predual (see Definition 3.1). In Section 3 we prove that the stability of σ(ℓ 1 , X)-fpp is equivalent to a suitable property concerning the behaviour of w * -limit points of the set of extreme points of B ℓ1 . It is worth to mention that the property playing a key role in Section 3 was already introduced in [8] by Fonf and Veselý, in the completely different setting of polyhedral spaces theory.
The concept of polyhedrality, originally introduced by Klee in [13] , is widely studied (for detailed survey about various definitions of polyhedrality for infinite dimensional spaces see [6, 8] ) and it gives a deep insight of geometrical properties of Banach spaces. Beyond its intrinsic interest, polyhedrality has some important applications. For instance, in the framework of Lindenstrauss spaces, it is related to the existence of norm-preserving compact extension of compact operators (see [4] and [7] ). In the last section of the paper we compare the geometrical assumptions used to study σ(ℓ 1 , X)-fpp with the main generalizations of polyhedrality already considered in the literature. Indeed, the assumption characterizing the preduals of ℓ 1 satisfying stable w * -fpp is listed as a generalization of polyhedrality in [8] and we show how the property ensuring the validity of σ(ℓ 1 , X)-fpp fits very well in a list of several properties related to the original definition of polyhedral space. Our results, in the framework of Lindenstrauss spaces, prove that the notions of polyhedrality play an important role also in fixed point theory. We also give a hierarchical structure among various notions of polyhedrality by restricting our attention to Lindenstrauss spaces. These results allow us to prove a new version of an old uncorrect result (Theorem 3 in [14] ) concerning the norm-preserving compact extension of compact operators.
Finally, we collect some notations. If A ⊂ X, then we denote by A, conv(A) and ext A the norm closure of A, the convex hull of A and the set of the extreme points of A respectively. Moreover, whenever A ⊂ X * , we denote by A * the w * -closure of A. For x ∈ S X , we call D(x) the image of x by the duality mapping, i.e.,
The aim of this brief section is to characterize the separable Lindenstrauss spaces X such that X * has the σ(X * , X)-fpp. The present result adds a new characterization of σ(X * , X)-fpp to those listed in [3] . Moreover, the theorem sheds some new light on the relationships between σ(X * , X)-fpp and a geometrical feature of the sphere in X * . We will show in Section 4 that this feature can be interpreted as a polyhedrality requirement on X. This section is devoted to the main result of the paper. We characterize the stable w * -fpp for the duals of separable Lindenstrauss spaces by means of a suitable property describing the interplay between w * -topology and the geometry of the dual ball B X * . To our knowledge, the first result dealing with the stability of w * -fpp for this class of spaces is the following:
We remark that the statement of the previous theorem implicitly assume that ℓ 1 is endowed with the σ(ℓ 1 , c 0 )-topology. Moreover, since Y is not necessarily a dual space, the author of [20] considers the original topology σ(ℓ 1 , c 0 ) on Y . For this reason, this approach does not allow to consider a true w * -fpp in the space Y . In order to avoid this undesirable feature we introduce a different definition of stability for the w * -fpp. We recall that every nonseparable dual of a separable Lindenstrauss space fails the w * -fpp (see Corollary 3.4 in [3] ). Therefore, in the sequel of this section, we restrict our attention to the preduals of ℓ 1 . If A ⊂ X * , then we denote by A ′ the set of all w * -limit points of A:
The following Lemma shows how the geometrical assumption that will play a crucial role in our characterization of stable w * -fpp influences the behaviour of some sequences in ℓ 1 .
(a) For every sequence {x * n } ⊂ ℓ 1 coordinatewise converging to x * 0 and such
and {x * n } tends to 0 coordinatewise, it holds
Proof. Assertion (a) is a straightforward consequence of the following fact: for every sequence {x * n } ⊂ ℓ 1 coordinatewise converging to 0 and such that lim n→∞ x * n exists it holds lim
for every x * ∈ ℓ 1 . Now we prove assertion (b). For all m, n ∈ N and x ∈ B X , we have
Therefore, we easily see that
which proves the thesis of assertion (b). In order to prove the last assertion, without loss of generality, we may assume that there exists x * 0 ∈ ℓ 1 such that {x * n } is coordinatewise convergent to x * 0 and that lim n→∞ x * n − x * and lim n→∞ x * n − x * 0 exist. By assertions (b) and (a), we get
For the sake of convenience of the reader, we recall the following known result.
Theorem 3.4. Let X be a predual of ℓ 1 . Then the following are equivalent.
Proof. We first prove that (i) implies (ii). By contradiction, let us suppose that X does not satisfies property (ii). For clarity we divide the proof of this implication into three parts.
Step 1. (Renorming.) Let ε ∈ (0, 1) and choose a subsequence (e * n k ) of the standard basis (e * n ) in ℓ 1 such that (e * n k ) is w * -convergent to e * = 0, and Consider the subset C of ℓ 1 defined by
It is easy to check that C is convex and w * -compact (see e.g. Corollary 2 in [15] ). From (3.1) it follows that for every x = α 0 e * + ∞ k=1 α k e * n k ∈ C we have
It is easy to check that D is convex, symmetric, w * -compact, and 0 is its interior point. Therefore D is a dual unit ball of an equivalent norm |·| on X. Let Y = (X, |·| ). Obviously, D = B Y * and
Consider a subspace Z ⊂ Y * defined as Z = span e * , e * n1 , e * n2 , . . . = span e * 0 , e * n1 , e * n2 , . . . , where
Step 2. We claim that B Z = D ∩ Z has the following property:
Indeed, from definition of K and Z, it follows that
so, in order to prove property (♥), we have to show that
It is easy to see that ℓ 1 and Z are isometrically isomorphic via φ : ℓ 1 → Z defined by φ(e 1 ) = e * 0 , φ(e j ) = e * nj−1 , j ≥ 2, where (e j ) j≥1 denotes the standard basis in ℓ 1 . Since B ℓ1 = conv ({±e 1 , ±e 2 , ±e 3 , . . . }), it follows that B ℓ1 ∩ Z = conv ±e * 0 , ±e * n1 , ±e * n2 , . . . . Consequently, in order to prove (3.3), it is enough to show that
(1 − ε) e * , ± e * n2
(1 − ε) e * , . . .
Therefore it remains to prove that
(1 − ε) e * , ± e *
n2
∩ span e * n1 , e * n2 , . . .
and, consequently,
Therefore, we easily see that for t := and, since conv(K ∪ −K) is symmetric, we get
From (3.1) it follows that
Thus ±e * 0 ∈ conv(K ∪ −K) which finishes the proof of property (♥).
Step 3. (Fixed point free nonexpansive map.) We now define the operator
It is easy to see (via (3.1)) that the mapping T is well-defined and linear. We claim that T (B Z ) ⊂ B Z . Indeed, property (♥) ensures that every x ∈ B Z has the form x = (1 − λ)y + λz for some λ ∈ [0, 1], y ∈ K and z ∈ −K. Therefore, since T (K) ⊂ K and T (−K) ⊂ −K, we see that
Consequently, since K ⊂ S Z , T = 1. Clearly, the restriction T | K of operator T to the w * -compact convex set K ⊂ Y * is a fixed point free nonexpansive map. Finally, by taking e * arbitrarily close to the unit sphere S ℓ1 and ε ց 0 in (3.2), we get a contradiction. Now, we proceed to prove the implication (ii) ⇒ (i). This part of the proof is an appropriate adaptation of the proof of the main result in [20] . Let Y be a Banach space isomorphic to X and A be any isomorphism from X onto Y . Let T :K → K be a nonexpansive mapping, where K ⊂ Y * is a convex w * -compact set. It is well known that there exists a sequence x * 0,n ⊂ K such that lim n→∞ x * 0,n − T x * 0,n Y * = 0 (see, e.g, [10] ). We may assume that x * 0,n is w * -convergent to x * 0 ∈ K and that the limit α 0 = lim n→∞ x * 0,n − x * 0 Y * exists. Since T is a nonexpansive mapping, for every k ∈ N we have
Therefore, by (a) in Lemma 3.3, there exists a closed convex invariant set H( 
From the inequalities above, we conclude that
Repeated applications of this construction give us a sequence {α n } of non negative numbers such that
, we see at once that the sequence {α n } converges to 0 if A . Moreover, it is worth pointing out that the estimation above is sharp when r = 0 as shown by the example contained in [18] . On the other hand the proof of the sharpness of the present estimation when 0 < r < 1 remains as an open problem.
Polyhedrality in Lindenstrauss spaces
The aim of this section is to show that the geometrical properties used in Theorems 2.1 and 3.4 are strictly related to polyhedrality. The starting point to consider polyhedrality in an infinite-dimensional setting is the definition given by Klee in [13] , where he extended the notion of convex finite-dimensional polytope for the case of the closed unit ball B X of an infinite-dimensional Banach space X. Thenceforth polyhedrality was extensively studied and several different definitions have been stated. For a detailed account about these definitions and their relationships see [6] and [8] . Here we restrict our attention to some of the definitions collected in [8] . Moreover, we show that the property introduced in Theorem 2.1 can be considered as a new definition of polyhedrality (namely, property (pol-iii)) since we will prove that this property is placed in an intermediate position between other polyhedrality notions that are already considered in the literature. Definition 4.1. Let X be a Banach space. We consider the following properties of X:
(pol -iv) there is no infinite-dimensional w * -closed proper face of B X * ( [14] ); (pol -v) x * (x) < 1 whenever x ∈ S X and x * ∈ (ext B X * ) ′ ( [9] ); (pol -vi) the set ext D(x) is finite for each x ∈ S X (property (∆) in [8] 
(pol-K) the unit ball of every finite-dimensional subspace of X is a polytope ( [13] ).
The following theorem clarifies the relationships between the various notions of polyhedrality stated in Definition 4.1 in the framework of Lindenstrauss spaces.
Theorem 4.1. Let X be a Lindenstrauss space. The following relationships hold:
Proof. The implications
are trivial. The proof of Theorem 1.2 (p. 402-403) in [9] shows that
The implication (pol − vi) ⇒ (pol − iv) follows easily from Lemma 4.2 below. The implication
is proved in Theorem 1 in [6] . Finally the equivalence
is proved in Theorem 4.3 in [4] .
The previous proof needs the following lemma, that is interesting in itself as it gives a property of the w * -closed faces of B X * . Indeed, this property is strictly related to the compact norm-preserving extension of compact operators (see [4] ). Proof. Let us fix an elementx * ∈ F . Then we consider the subspace V = span(x * − F ). It is easy to prove that for every h * ∈ H = conv (F ∪ (−F )) there exists a unique real number α ∈ [−1, 1] such that
Now, let A 0 (H) denotes the Banach space of all w * -continuous affine symmetric (i.e., f (−x) = −f (x)) functions on H. We introduce the functionȳ : H → R defined byȳ(h * ) = α. It is easy to recognize thatȳ ∈ A 0 (H) and thatȳ| F = 1. By considering the separable subspace Y = span ({ȳ}) of A 0 (H), we can apply Proposition 1 in [14] to show that there exists an isometry T : Y → X such that h * (T (y)) = y(h * ) for every h * ∈ H and for every y ∈ Y . Therefore T (ȳ) ∈ S X and F ⊆ D(T (ȳ)). (1) X is a polyhedral space; (2) X does not contain an isometric copy of c; (3) there are no infinite-dimensional w * -closed proper faces of B X * ; (4) for every Banach spaces Y ⊂ Z and every compact operator T : Y → X there exists a compact extensionT : Z → X with T = T . However, in [4] it is shown that the equivalences between (1) and (4) and between (1) and (3) in Fact 4.3 are false. Therefore, some of the considered implications remain unproven. On the other hand, a characterization of norm-preserving extendability of a compact operators is provided. Indeed, the following result holds. It is worth to pointing out that the original statement of Lazar (see Fact 4.3) has a correct version where two separate groups of equivalent properties are recognized. Namely, Theorem 4.3 in [4] shows that properties (1) and (2) are equivalent, while the equivalence between (3) and (4) follows from Theorem 5.3 in [4] and Theorem 4.5 above. Now, we prove that none the one-side implications of Theorem 4.1 can be reversed. In [6, 8] there are many examples proving that the considered implications cannot be reversed when a general Banach space is considered, but most of them are not Lindenstrauss spaces. On the other hand, the following examples show that the implications cannot be reversed even if we restrict our attention to the class of Lindenstrauss spaces. All of them are based on suitable hyperplanes of the space c of the convergent sequences. Let α = (α(1), α(2), . . .) ∈ B ℓ1 , we define the space W α = x = (x(1), x(2), . . .) ∈ c : lim
α(i)x(i) .
A detailed study of this class of spaces was developed in [2] and in Section 2 of [3] . Here we recall only that W α is a predual of ℓ 1 and that the standard basis {e * n } of ℓ 1 is σ(ℓ 1 , W α )-convergent to α for every α ∈ B ℓ1 . [4] . Here, we recall only that there we proved that W α satisfies (pol − vii) (and hence it enjoys also (pol − K)) but it lacks (pol − iv).
